Fatigue cracking of the rotor shaft is an important fault observed in rotating machinery of key industry, which can lead to catastrophic failure. Nonlinear dynamics of a cracked rotor system with fractional order damping is investigated by using a response-dependent breathing crack model. The four-th order Runge-Kutta method and ten-th order CFE-Euler (Continued Fraction Expansion-Euler) method are introduced to simulate the proposed system equation of fractional order cracked rotors. The effects of derivative order of damping, rotating speed ratio, crack depth, orientation angle of imbalance relative to the crack direction and mass eccentricity on the system dynamics are demonstrated by using bifurcation diagram, Poincare map and rotor trajectory diagram. The results show that the rotor system displays chaotic, quasi-periodic and periodic motions as the fractional order increases. It is also found that the imbalance eccentricity level, crack depth, rotational speed, fractional damping and crack angle all have considerable influence on the nonlinear behavior of the cracked rotor system.
INTRODUCTION
The dynamic analysis of a cracked rotor had been investigated since the 1970s. Dimarogonas [1] and Pafelias [2] first analyzed the effect of the crack on the dynamic response of the rotor system, and studied the dynamic character of the system. And now there are extensive researche efforts on the vibration response of the cracked rotor and its application in crack detection. Destructive vibration amplitudes may appear in the rotating shafts that are used in different industrial applications due to the propagating cracks. Fatigue cracking of a rotor shaft may cause catastrophic damage to rotating machineries, as reported by Jack and Patterson [3] . A breathing crack in the transverse direction of the shaft is one of these dangerous damage scenarios in rotor dynamic systems. Different techniques had been used in modelling the breathing crack. The switching crack model (fully open state or fully close state) had been introduced in modelling a crack in a clamped-free beam where the cracked systems had been assumed as piecewise linear systems from which the bilinear frequency formula has been derived [4] [5] [6] [7] . Darpe et al studied the response of a cracked Jeffcott rotor subjected to periodic axial impulses with the coupling of the rotor's lateral and longitudinal vibrations [8] . Patel and Darpe [9] investigated the influence of the crack breathing models on the nonlinear vibration characteristics of the cracked rotors. Sinou [10] discussed the stability of a rotor system with a transverse breathing crack through the harmonic balance method, and analyzed the effects of crack depth, crack location, and the shaft's rotational speed. It is found that the areas of instability increase considerably when the crack deepens, and the crack's position and depth are the main factors affecting not only the nonlinear behavior of the rotor system but also the different zones of dynamic instability in the periodic solution for the cracked rotor.
Nonlinear dynamic analysis of cracked rotor system is of great significance to diagnose exactly the malfunctions and improve effectively the dynamic characteristics of a rotor system [11] [12] [13] [14] [15] . So a large number of research efforts focused on this topic had been carried out to analyze the nonlinear dynamics of cracked rotor in order to explore a better index to monitoring the condition of key equipments in industry. However, most of the previous investigations are based on integer order calculus and the nonlinear dynamics of a cracked rotor-bearing system with fractional order damping has rarely been investigated.
The fractional order operator has a non-local characteristic, so its unlimited memory may lead to a concise description of complicated system dynamics. The applications of fractional calculus in engineering and physics start to attract much more attention in recent years, such as signal and image processing, mechanics, physics, control theory, viscoelasticity and rheology, electrical engineering, electrochemistry and bioengineering [16] . Especially the dynamics and vibration analysis of fractional order damped systems are of great interest to researchers [17] [18] [19] [20] [21] [22] [23] . Borowiec [24] investigated the vibration of the Duffing oscillator with fractional damping and external excitation. Hartiey [25] and Maia et al. [26] used a fractional derivative damping model to analyse the dynamic characteristics of single DOF and multiple DOF vibration systems respectively, and found that the fractional-order damper showed a clearer interpretation and explanation of the behavior displayed by the common integer order models. Rossikhin [27] reviewed the analysis of new trends and recent results carried out during the last 10 years in the field of fractional calculus application to dynamic problems of solid mechanics, and showed that the fractional calculus has entered the mainstream of engineering analysis and has been widely applied to structural dynamics problems both in discrete and continuous equations. Therefore, it is essential to consider the fractional order damping in study the dynamic characteristics.
Based on the above discussion, the present work analyzes the dynamic behaviours of cracked rotor with fractional order damping in order to comprehensively understand the characteristics of the cracked rotor. The analysis focuses on the effects of fractional order damping, crack depth and relative orientation between the crack and the imbalance. A simple Jeffcott rotor model containing a breathing transverse crack has been taken into account in our dynamic analysis. The dynamic equations for cracked rotor system with fractional order damping are solved using the fourth-order Runge-Kutta method and tenth-order CFE-Euler method. Dynamic trajectories, the power spectrum, Poincare map, bifurcation diagrams are applied to analyze the nonlinear dynamic response.
Mathematical modeling
A modified Jeffcott rotor system model is investigated in this paper, which is supported by two rigid bearings as shown in Fig. 1(a) . The rotor consists of a massless shaft carrying a rigid disc with mass m at the middle of the span. A transverse crack is assumed to be located at the mid-span of the shaft and at the left side of the disc. The eccentricity of the centre of the disk mass from the geometric centre of the disk is e and angle β represents the orientation of the eccentricity of the disk from the weak crack direction. In Fig.1(b) , xoy is the stationary coordinates, η ξo′ is the rotating coordinates, and η ξo′ is fixed with the disk, o′ is the center of the disk. 0 Φ is the initial angle of rotation, ω is the rotating speed, α is half of the crack angle, and t is the time. A simple breathing crack model, based on [28] is assumed in this study. To simplify, the crack is supposed to affect only the stiffness in the crack direction. Then
, and the rotor stiffness in the rotational frame
where stiffness 0 K represents uncracked shaft stiffness, f is a switch function. It can be written as: 
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The motion equations of the cracked Jeffcott rotor system can be written in fixed coordinate system as: The fractional order damping force using fractional derivative is:
where r is the order of fractional damping. When the fractional order damping is taken into account in dynamic analysis, the system equations of motion can be changed as: (6) can be non-dimensionalized through the following parameters:
The equations of motion in non-dimensional form are as follows: 
NUMERICAL RESULTS
The nonlinear dynamics of cracked rotor with fractional damping is digitally simulated in Matlab/Simulink. The fractional derivative of equation (7) is approximated by IIR discrete model employing CFE and Euler rule, in which the order of approximation model is chosen as 10 after evaluations of other values. The fourth-order Runge-Kutta method is used to solve the system governing equations. The time step used here is set to 500 / 2π based on our experimental trials. In the numerical analysis, the initial system parameters are specified as:
The effect of the fractional order r on the dynamic behavior of the system is mainly investigated. The fractional order ranges from 0.01 to 1.5. The bifurcation diagram with step size 02 . 0 = Δr is shown in Fig.2 . It can be observed that the fractional order has a clear impact on the dynamic characteristics. Fig. 2(a) , it is obvious that at 65 . 0 = s , the rotor response enters into the double period motion zone through the chaotic zone bifurcation. When 3 . 0 < r , the motion is chaotic, as demonstrated in Fig. 3 . As the fractional order increases, the rotor response becomes synchronous with period-two for 9 . 0 3 . 0 < < r . Fig.4 shows that there are two points in the Poincaré map and two peaks, at 1X and 2X, in the power spectrum. After undergoing the double period motion, the rotor motion comes into the period-one zone again. The motion remains period-one for 9 . 0 > r , as shown in Fig. 5 . There is one isolated point in the Poincare section map and the rotor orbit is nearly an oval.
In Fig. 2(b) , it can be observed that at 0 . 2 = s , the rotor response is chaotic at low fractional order, range from 0.01 to 0.4, as shown in Fig. 6 . The rotor orbit is divergent and the amplitude of 0.5X is very large. Then, through the chaotic zone the response comes into the zone of the period-two motion. Fig.  7 is the orbit, Poincare map and power spectrum at 7 . 0 = r , respectively. There are two small centralized point areas in the Poincare map and two peaks, at 0.5X and 1X, in the power spectrum. The amplitude of 0.5X is larger than that of 1X in the power spectrum, because it represented the response of the first critical speed. As the fractional order increases, the rotor response becomes period one for 5
, as shown in Fig. 8 . There is one point in the Poincare map and one peak, at 1X, in the power spectrum. The above analysis and conclusion mainly focus on the effect of fractional order r on the system's dynamic behaviors. Meanwhile, the crack angle β (angular position of the imbalance relative to the weak crack direction) and the nondimensional crack depth K also have considerable influence on the nonlinear behavior of the cracked rotor system. In the following analysis, the fractional order r is set to be constant and the crack angle β and crack depth K are used as control parameters. The bifurcation diagrams of various control parameter β and K are shown in Fig. 9 and Fig. 10 , respectively. From these figures, we can conclude that the fractional order damped crack rotor system exhibits complex nonlinear dynamic behaviors. The GE Bently Nevada RK4 Rotor Kit was used to setup the experiment rig. The test rig as Fig. 11 illustrates consists of an elastic shaft and two rigid disks. The shaft is simply supported at both ends. The length of the two supports is 450 mm and the shaft's diameter is 10 mm. The discs are mounted at the position 112 mm from the each bearing of the rotor. The diameter and thickness of the disc are 75 and 25 mm, respectively. The rotor system is driven by an electric motor incorporated with a shaft through a flexible coupling. The first critical speed of the cracked rotor is 2300 rpm. The rotor's crack is made at the position 200 mm from the left end of the shaft by cutting a piece with width 0.1 mm and depth 2 mm. Fig. 12 shows the experimental whirl orbit and power spectral at selected rotor speed in the neighbourhood of the 1/2 first critical speed. It is clearly observed that the 2X super-harmonic frequency component is more prominent than the rotational frequency, and the orbit of the rotor has a very clear two-circle topological shape (or orbit with one inner). 
CONCLUSION
The nonlinear dynamic behaviors of the fractionally damped crack rotor system are investigated in this paper. The damping model for the cracked rotor system is described using fractional order derivative. The fourth-order Runge-Kutta method and tenth-order CFE-Euler approximation method are used to numerically simulate the fractional order rotor equations.
The rotor orbit, Poincare map, bifurcation diagram and power spectrum are introduced to evaluate the effects of important parameters on the dynamic behaviors. It is shown that the fractional order damping, crack angle and crack depth have significant influences on the nonlinear vibration features of the cracked rotor system. The analysis results show that the fractional order damping cracked rotor system exhibits periodic motion, chaos and quasi-periodic motion. This study has demonstrated that the introduction of a breathing crack induced the 2X and 3X etc. harmonic components and 1/2X and 3/2X etc. fractional harmonic components of the rotor system response. Moreover, the distortion of the orbit, formation of a double loop and inside loop, at the 1/2 critical speed could be considered as one of the most practical indicators of the presence of a transversal crack for health monitoring purposes.
